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Abstract
We study the scattering of fermions in a “global monopole” background met-
ric. This is the four-dimensional analogue of the scattering on a cone in three
dimensions. The scattering amplitude is exactly obtained. We then study mass-
less fermion-dyon systems in such a background metric. The density of the S-wave
fermion condensate is found to be given by a constant times the flat space value
of Callan and Rubakov.
This work was supported in part by the US Department of Energy
1. Scattering of Fermions
We study the fermion scattering in a “global monopole” background metric
(whose explicit form we will give below). This is one of the few examples where the
scattering amplitude can be exactly obtained. It is the four-dimensional analogue
of the scattering on a cone studied in [1]. The scattering of scalar particles in such
a background is studied in [2].
First, we consider the general spherically symmetric metric
ds2 = β2(r)dt2 − 1
α2(r)
dr2 −R2(r)(dθ2 + sin2 θdϕ2) (1)
We choose the vierbein such that the fermion wave functions will be single-valued
eµa =

1
β 0 0 0
0 α sin θ cosϕ 1R cos θ cosϕ − 1R sin θ sinϕ
0 α sin θ sinϕ 1R cos θ sinϕ
1
R sin θ cosϕ
0 α cos θ − 1R sin θ 0
 (2)
After standard manipulations, we arrive at the Dirac equation
i
[
1
β
γ0∂t + iγ · p(α,R) − 1− αR
′
R
γ · n+ α β
′
2β
γ · n
]
ψ = Mψ (3)
where
iγ · p(α,R) ≡ γ · n α(r)∂r + γ · ∂θn 1
R(r)
∂θ + γ · (n× ∂θn) 1
R(r) sin θ
∂ϕ (4)
n ≡ rˆ, and a prime denotes differentiation with respect to r.
Next we specialize to the global monopole background metric
ds2 = dt2 − 1
α2
dr2 − r2(dθ2 + sin2 θdϕ2) (5)
where α ≤ 1 is a constant. It will be convenient to use the representation of the
1
flat space γ-matrices
γ0 =
(
1 0
0 −1
)
, γ =
(
0 σ
−σ 0
)
(6)
A complete set of solutions to the Dirac equation are of the form ψ
(1)
jme
−iEt and
ψ
(2)
jme
−iEt, with
ψ
(1)
jm =
[
f(r)φ
(1)
jm
g(r)φ
(2)
jm
]
, ψ
(2)
jm =
[
f(r)φ
(2)
jm
g(r)φ
(1)
jm
]
(7)
where φ
(1)
jm and φ
(2)
jm are spinor spherical harmonics. For ψ
(1)
jm, the Dirac equation
becomes
(E −M)f = i
(
∂r +
1 + ν
r
)
g
(E +M)g = i
(
∂r +
1− ν
r
)
f
(8)
where ν ≡ (j + 1/2)/α, and we have redefined E and M by letting E/α →
E,M/α→ M . The solution is given in terms of Bessel functions
f =
ik
E −M
1√
kr
Jν−1/2(kr) , g =
1√
kr
Jν+1/2(kr) (9)
where k ≡ √E2 −M2. Similarly for ψ(2)jm, we have
f =
1√
kr
Jν+1/2(kr) , g =
ik
E +M
1√
kr
Jν−1/2(kr) (10)
We can now construct the scattering solution. The incident wave, with helicity
+1, has four components. However, when the upper two components are matched,
the lower two components will automatically be matched. Also the overall normal-
ization factor will cancel out at the end of the calculation. We may therefore only
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consider the upper two components of the incident wave
ψin = e
−ikz
(
0
1
)
(11)
whose large r behavior is
e−ikz
(
0
1
)
−→ −e
ikr
ikr
(π
2
)1/2 ∞∑
j=1/2
√
2j + 1 (−1)j+1/2
(
φ
(1)
jm − φ(2)jm
)
− e
−ikr
ikr
(π
2
)1/2 ∞∑
j=1/2
√
2j + 1
(
φ
(1)
jm + φ
(2)
jm
) (12)
where m ≡ −1/2. It follows that the scattering solution is given by
ψ = π
E −M
k
∞∑
j=1/2
e−ipiν/2
√
2j + 1
(
ψ
(1)
jm +
k
E −Mψ
(2)
jm
)
(13)
The outgoing wave, defined by ψ = ψin + ψout, is given for large r by
ψout =
eikr
ikr
(π
2
)1/2 ∞∑
j=1/2
√
2j + 1
[
(−1)j+1/2 − e−ipiν
] (
φ
(1)
jm − φ(2)jm
)
(14)
where ν ≡ (j + 1/2)/α. The scattering amplitude f(θ) is determined form
ψout = f(θ)
eikr
r
χ (15)
where
χ ≡ 1
[2(1− cos θ)]1/2
(
sin θ e−iϕ
1− cos θ
)
(16)
Letting θ → π−θ, θ now representing the scattering angle, we obtain the scattering
amplitude
f(θ) =
i
2k cos θ/2
∞∑
n=1
n
(
1− e−inωpi) [Pn−1(cos θ) + Pn(cos θ)] (17)
where ω ≡ (1/α)− 1, and Pn is the Legendre polynomial. The summation can be
naively (in the sense that we do not consider regularizing possibly ill-defined sums)
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carried out to obtain
f(θ) =
i
k
δ(1− cos θ) + sinωπ/2 cos θ/2√
2k(cosωπ − cos θ)3/2 (18)
with the understanding that the δ-function integrates to one rather than a half.
Note that f(θ) diverges at θ = 0, ωπ. This is similar to what happens in
2 + 1 dimensions and is due to the long-range nature of the “interaction”—since
the metric is not asymptotically flat [1]. Moreover, f(θ) does not vanish in the “no-
interaction” limit, ω → 0. This also happens in the case of non-relativistic Coulomb
scattering, where one is also left with a δ-function term in the no-interaction limit.
2. Fermion-Dyon Systems
First, we study fermion-dyon systems in the general spherically symmetric
background metric, the Euclidean version of Eq.(1). We consider a SU(2) model
with two massless left-handed doublets. The action is given by S = SA + SA,ψ
with
SA =
∫ √
gd4x
[
1
2e2
trF 2µν −Mmon
]
SA,ψ = i
2∑
s=1
∫ √
gd4x ψ¯
(s)
L γ
µ(∂µ − Γµ + Aµ)ψ(s)L
(19)
where s = 1, 2 is the flavor index, Γµ is the spin connection, andMmon is a constant.
We have neglected the Higgs field contribution to the action. Spherically symmetric
SU(2) gauge fields are taken to be
A0(r, t) = −iτ · na0(r, t)
Ai(r, t) = −iτ · nni a1(r, t)
α(r)β(r)
− i(n× τ)i1− F (r)
2R(r)
(20)
In such a model, the singlet chiral number currents are anomalous
∂µ (
√
gJµs) ≡ ∂µ
(√
gψ¯
(s)
L γ
µψ
(s)
L
)
= − 1
16π2
ǫµνλρtrFµνFλρ , s = 1, 2 (21)
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Therefore the gauge invariant chiral fermion number operators
N (s) ≡
∫
d3x
√
gJ0s , s = 1, 2 (22)
are not conserved.
We will use the representation of the flat space γ-matrices
γ0 =
(
0 −i
i 0
)
, γ =
(
0 σ
σ 0
)
, γ5 =
(
1 0
0 −1
)
(23)
For the two component, left-handed spinors ψ
(s)
− , the Dirac equation reduces to
0 =
[
1
β
∂t − σ · p(α,R) − i1− αR
′
R
σ · n+ iα β
′
2β
σ · n
−i 1
β
a0τ · n+ 1
β
a1σ · n τ · n+ 1− F (r)
2R
(σ × n) · τ
]
ψ
(s)
−
(24)
where σ ·p(α,R) is given by Eq.(4) with σ replacing γ . Spherically symmetric SU(2)
isospinor fermion fields are of the form [3]
ψ
(s)
− (r, t)in =
1√
8πβR2
[
χ
(s)
1 (r, t)− iχ(s)2 (r, t)σ · n
]
im
(iτ2)mn (25)
where i is the spin index and n the isospin index. Introducing
χ(s) ≡
(
χ
(s)
1
χ
(s)
2
)
(26)
one finds that, in the S-wave approximation, the currents Jµs have the following
reductions
J ts = − 1
4πβ2R2
χ¯(s)γ˜0χ(s) , Jrs = − α
4πβR2
χ¯(s)γ˜1χ(s) (27)
The original model can be reduced to the two dimensional model described by the
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action S = SA + SA,ψ with
SA =
4π
e2
∫
dxdt
[
(∂xa0 − ∂ta1)2R
2(r)
β2(r)
]
SA,ψ =
2∑
s=1
∫
dxdt χ¯(s)γ˜α(i∂α − γ˜5aα)χ(s) ≡ i
2∑
s=1
∫
dxdt χ(s)†D χ(s)
(28)
where γ˜0 = σ3, γ˜1 = σ1, γ˜5 = −iγ˜0γ˜1 = σ2 and s is the flavor index. We have
taken the zero magnetic monopole size limit and introduced
dr = α(r)β(r)dx (29)
We see that the fermion action can always be reduced to a two-dimensional, flat
space form. This remains true for massive fermions. Thus one can always integrate
out the fermion fields (for massless fermions) or bosonize the action. These can be
used to further understand systems with fermions and magnetically charged black
holes. Such problems were recently introduced and studied in [4].
Next we specialize to the global monopole background metric and calculate the
density of the fermion condensate, < ψ
(1)c†
− ψ
(2)
− >mon, where 1, 2 are flavor indices
and ψ
(s)c
− is the fermion number conjugation of ψ
(s)
−
(ψ
(s)
− )
c
in ≡ (iσ2)ij(iτ2)nm(ψ(s)− )∗jm (30)
One can verify that ψ
(s)c
− satisfies the Dirac equation, Eq.(24), provided ψ
(s)
− sat-
isfies the Dirac equation. Using the Ansatz Eq.(25) we obtain
ψ
(1)c†
− ψ
(2)
− =
1
4πr2
(χ
(1)
1 χ
(2)
1 + χ
(1)
2 χ
(2)
2 ) ≡
1
4πr2
f(x, t) (31)
To calculate < f(x, t) >mon, one uses the cluster property
lim
|t1−t2|→∞
< f(x1t1)f
†(x2t2) >mon=< f(x1t1) >mon< f †(x2t2) >mon (32)
The remaining computation closely follows that of Callan and Rubakov [5]. It is
to some extent similar to that used in studying the massless Schwinger model [6].
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The first step is to find the exact fermion propagator, which satisfies
[∂t + iσ
2a0 + iσ
2(∂x + iσ
2a1)]G(xt, x
′t′) = δ(x− x′)δ(t− t′) (33)
and the “bag” boundary condition [5]
(1− σ3)G(0t, x′t′) = 0 (34)
It can be solved by the Ansatz [6]
G(xt, x′t′) = exp[φ(x, t)]G0(xt, x′t′) exp[−φ(x′, t′)] (35)
where G0 is the free fermion propagator satisfying the bag boundary condition,
and is given by
G0(xt, x
′t′) = (∂t − iσ2∂x)[∆(x− x′, t− t′) + ∆(x+ x′, t− t′)σ3] (36)
and φ is found to be
φ(x, t) = ζ(x, t)− iσ2γ(x, t) (37)
with
ζ(x, t) = ∂t
∫
dx′dt′[∆(x− x′, t− t′) + ∆(x+ x′, t− t′)]a1(x′, t′)
− ∂x
∫
dx′dt′[∆(x− x′, t− t′)−∆(x+ x′, t− t′)]a0(x′, t′)
γ(x, t) = ∂x
∫
dx′dt′[∆(x− x′, t− t′) + ∆(x+ x′, t− t′)]a1(x′, t′)
+ ∂t
∫
dx′dt′[∆(x− x′, t− t′)−∆(x+ x′, t− t′)]a0(x′, t′)
(38)
where ∆ is the free scalar propagator
∆(x, t) =
1
4π
lnµ2(x2 + t2) (39)
The choice of the boundary terms in Eq.(38) is to ensure that ∂xζ(0, t) = 0 and
γ(0, t) = 0, so that the boundary condition Eq.(34) can be satisfied.
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Under a gauge transformation a0 → a0 − ∂tβ, a1 → a1 − ∂xβ, one can verify
that ζ → ζ, γ → γ − β. Therefore the boundary condition does not change
the gauge transformation properties of the exact fermion propagator. The gauge
invariant expression for trG(ξ, ξ) is
trG(ξ, ξ) = tr
G(ξ, ξ′) exp
iσ2 ξ∫
ξ′
dξ˜αaα(ξ˜)


∣∣∣∣∣∣∣
ξ′→ξ
=
1
π
∂tζ (40)
where we have introduced (ξ0, ξ1) ≡ (t, x), and the approach of ξ′ to ξ is performed
from a spatial direction.
One may calculate the induced vacuum currents
jαs = < χ¯(s)γ˜αχ(s) >
∣∣∣
A
= tr
[
γ˜0γ˜αG(ξ, ξ)
]
=
1
π
(∂tζ, ∂xζ)
jαs5 = < χ¯
(s)γ˜5γ˜αχ(s) >
∣∣∣
A
= tr
[
γ˜0γ˜5γ˜αG(ξ, ξ)
]
=
i
π
(∂xζ,−∂tζ)
(41)
Therefore the axial-vector current is conserved, ∂αj
αs
5 = 0, while the vector current
possesses an anomaly
∂αj
αs =
1
π
(∂2t + ∂
2
x)ζ = −
1
π
(∂xa0 − ∂ta1) (42)
which agrees with Eqs.(21) and (27).
The determinant of an operator O, depending on some parameter λ, may be
computed from the Green’s function G(ξ, ξ′) associated with O as follows
∂
∂λ
lnDetO = tr∂O
∂λ
∫
dξG(ξ, ξ) (43)
Using this, we obtain the fermion determinant
lnDetD = 1
2π
∫
dxdt ζ ζ = lnDetiD (44)
where ≡ (∂2t + ∂2x). The effective action, obtained by integrating out the fermion
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fields, is thus
Seff (ζ) = SA(ζ)− 2 lnDetiD = 1
2
∫
dxdt ζ(x, t)Lxtζ(x, t) (45)
where
Lxt ≡ 2
π
[
− + 4π
2α2
e2
x2
]
(46)
The Green’s function associated with Lxt, satisfying ∂xP(0t, x′t′) = 0, is given by
P(xt, x′t′) = π
2
[
De2/4pi2α2(xt, x
′t′)−∆(x− x′, t− t′)−∆(x+ x′, t− t′)] (47)
where Dκ satisfies [5]
(
∂2t + ∂
2
x −
κ
x2
)
Dκ(xt, x
′t′) = δ(x− x′)δ(t− t′) (48)
with κ = e2/4π2α2. Eq.(48) can be solved by a Fourier transform with respect to
time. One finds
(
−ω2 + ∂2x −
κ
x2
)
D˜κ(x, x
′, ω) =
1
2π
δ(x− x′) (49)
Hence
D˜κ(x, x
′, ω) =
{
−
√
xx′
2pi Iν(|ω|x)Kν(|ω|x′) , x < x′
−
√
xx′
2pi Iν(|ω|x′)Kν(|ω|x) , x > x′
(50)
where ν ≡√κ + 1/4 and I,K are modified Bessel functions. One can then Fourier
transform back [7] to obtain
Dκ(xt, x
′t′) = − 1
2π
Qν−1/2
[
1 +
(x− x′)2 + (t− t′)2
2xx′
]
(51)
where Q is the Legendre function.
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The fermionic Green’s functions in the presence of the magnetic monopole are
given by
< χ(x1t1) · · ·χ(xN tN )χ†(x′1t′1) · · ·χ†(x′N t′N ) >mon
=
∫
Dζe−Seff(ζ) < χ(x1t1) · · ·χ(xN tN )χ†(x′1t′1) · · ·χ†(x′N t′N ) >
∣∣∣
A
(52)
To calculate the density of condensate, one obtains < f(x1t1)f
†(x2t2) >mon from
< f(x1t1)f
†(x2t2) >
∣∣∣
A
= < χ
(1)
α (x1t1)χ
(2)
α (x1t1)χ
(1)†
β (x2t2)χ
(2)†
β (x2t2) >
∣∣∣
A
= tr
[
G0(x1t1, x2t2)G
T
0 (x1t1, x2t2)
]
exp [2ζ(x1, t1)− 2ζ(x2, t2)]
(53)
where we have used Wick’s theorem and Eqs.(35), (37). Therefore
< f(x1t1)f
†(x2t2) >mon = tr
[
G0(x1t1, x2t2)G
T
0 (x1t1, x2t2)
]
×
∫
Dζ exp
[−Seff (ζ) + 2ζ(x1, t1)− 2ζ(x2, t2)]
= tr
[
G0(x1t1, x2t2)G
T
0 (x1t1, x2t2)
]
× exp[−4P(x1t1, x2t2) + 2P(x1t1, x1t1) + 2P(x2t2, x2t2)]
=
1
4π2x1x2
[
1 +O
(
e2
α2
)]
(54)
where we have used the saddle-point method and taken the limit |t1− t2| → ∞ on
the last line, and used properties of the Legendre function [5]. According to the
cluster property, Eq.(54) implies
< f(x, t) >mon=
eiθ
2πx
[
1 +O
(
e2
α2
)]
(55)
where θ is an arbitrary phase. Recall that x ≡ r/α, we have thus found that the
density of the fermion number condensate is α times the flat space value. Therefore
the amount of condensate from radius r to r + dr is the same as in flat space.
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